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High order calculation at semi-hard scale in high energy collisions is very important, but a sat-
isfactory calculation framework is still missing. We propose a systematic method to regularize the
rapidity divergence in CGC factorization, which makes higher order calculation rigorous and straight
forward. By applying this method to the single hadron production in the pA collision, we find the
kinematic constraint effect introduced by hand in previous works comes out automatically, but with
different values. The difference is crucial for our next-to-leading order (NLO) result to have a smaller
theoretical uncertainty compared with LO result, which makes the high order calculation in CGC
factorization to be useful. As a byproduct, the negativity problem found in the literature can also
be overcome in our framework by properly choosing the factorization scale.
I. INTRODUCTION
In high energy collision with small Bjorken x, the non-
linear effect of QCD will compete with linear BFKL evo-
lution effect [1–4], which leads to the gluon saturation
phenomenon [5, 6]. The saturation scale Qs(x), charac-
terizing the typical transverse momentum of gluons with
momentum fraction x, gets larger for smaller x. When
the semi-hard scale Qs(x) is large enough, asymptotic
freedom of QCD enables us to apply perturbative QCD
to study the small-x gluon distributions. However, large-
x gluons always present in any physical process, which
makes it hard to take advantage of perturbation theory.
The Color Glass Condensate (CGC) [7–10] is an ef-
fective field theory of QCD that can distinguish large-x
gluons from small-x gluons in a target. Large-x gluons,
with very long light-cone lifetime, are not created or an-
nihilated during collision, and they serve as a background
color source for small-x gluons. The large-x gluons are
stochastically distributed in each collision event, and a
CGC average of large-x distributions is allowed to de-
fine them as universal nonperturbative quantities. Al-
though small-x gluons can be created and annihilated
during collision, their effects can be calculated pertur-
batively. For quantitative purpose, a parameter Xf is
introduced and define small x by x < Xf . The evolu-
tion of CGC-averaged nonperturbative quantities w.r.t.
Xf is governed by the renormalization group equation,
called JIMWLK equation[11–16], which should cancel
exactly with the Xf -dependence of small-x effects, and
thus leaves physical observables independent of the sep-
aration value Xf . Things are significantly simplified
in the large Nc limit, where many processes are found
to only depend on color dipole scattering amplitudes,
which satisfy a closed Balitsky-Kovchegov (BK) evolu-
tion equation[17, 18]. With the JIMWLK or BK equa-
tion, the only unknown information in the CGC effective
theory is the CGC-averaged nonperturbative quantities
at a given separation value X0, which can be modeled
with some parameters to be determined by experimental
data [19, 20].
Because αs is not so small at semi-hard region, a LO
calculation in CGC factorization is usually not enough.
High order calculations are very crucial for theoretical
predictions to have sufficient accuracy.
In the following, we will concentrate on single inclusive
hadron production at forward rapidity region in nucleon-
nucleus (pA) collision [21–32]. The first NLO calcula-
tion was obtained in Refs. [33, 34], which however re-
sults in negative cross sections for high transverse mo-
mentum ph⊥ hadron production [35]. Several works at-
tempt to solve the problem [36–40], which either gives
up standard factorization structure or still suffers from
negativity problem. Especially, it was found that a kine-
matic constraint needs to be introduced by hand based
on physical arguments [38, 40]. It tells us that a satis-
factory framework for CGC factorization at high order is
still missing.
In this paper, we propose a systematic method to do
high order calculation in CGC factorization. Like any
standard factorization theory, theoretical uncertainties
caused by the missing of higher order contributions can
be estimated by varying the factorization scale Xf . The
effect of kinematic constraint appears automatically in
our method, but with a different value. It is the dif-
ference that makes our NLO result to have a smaller
theoretical uncertainty comparing with LO result. As
a byproduct, the negativity problem can be overcome by
a proper choosing of factorization scale.
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2II. KINEMATICS AND LEADING ORDER
RESULT
We use collinear factorization to deal with the initial-
state proton and the final-state observed hadron. As for
the interaction between the probe parton and the tar-
get, it is proper to apply CGC effective theory. Then
the differential cross section can be formally factorized as
dσ = f(x)⊗D(z)⊗H, where f(x) stands for PDF, D(z)
stands for fragmentation function (FF), and H includes
both impact factors and nonperturbative functions de-
fined in CGC. To calculateH, it is convenient to use light-
cone perturbation theory [41, 42] in momentum space.
To simplify our discussion, we will take differential
cross section with both the probe parton and the frag-
menting parton being a quark as an example to describe
our method. The antiquark and gluon cases, which are
given in Appendix B, can be discussed similarly. All
contributions will be included in the numerical analysis.
Feynman diagrams and kinematic notations are shown
in Fig. 1. We assume the proton and nucleus move
in the +z direction and −z direction, respectively. By
defining ‘+’ and ‘−’ components of a momentum p as
p± = 1√
2
(p0 ± p3), we have pp = (p+p , 0, 0⊥) and pA =
(0, p−A, 0⊥), with p
+
p = p
−
A =
√
s/2 and s = (pp + pA)
2
denotes the central energy of the collider. We use kp, kh,
ph to denote momenta of the probe quark, the final state
quark and the observed hadron, respectively. Based on
Feynman rules in light-cone perturbation theory [43] we
get the leading order differential cross section
dσLO
d2ph⊥dyh
=
∫ 1
τ
dz
z2
Dh/q(z)xpf(xp)FF (kh⊥;Xf ), (1)
with τ =
p+h
p+p
, p+h = zk
+
h , ph⊥ = zkh⊥, xp =
k+p
p+p
= τz , and
yh =
1
2 ln(p
+
h /p
−
h ) denotes the rapidity of the hadron.
According to these definitions, τ can be re-expressed as
τ = ph⊥√
s
eyh . FF (k⊥;Xf ) is the color dipole scattering
amplitude defined in the momentum space, which satis-
fies the momentum space BK evolution equation
dFF (k⊥;Xf )
d ln(1/Xf )
=
αsNc
pi2
IBK(k⊥, Xf ), (2)
whereXf is the CGC factorization scale and IBK(k⊥, Xf )
will be given later. The momentum space BK equation
is obtained from coordinate space one by doing a Fourier
transformation.
III. RAPIDITY REGULARIZATION AND
NEXT-TO-LEADING ORDER RESULT
Although the calculation is straight forward at LO,
it becomes much more complicated starting from NLO
due to various divergences, including UV divergences,
collinear divergences, soft divergences, and rapidity di-
vergences. All divergences except rapidity divergences
can be regularized by usual dimensional regularization.
There are many rapidity regulators in literature [44–
52], but they are not convenient for us to use in the CGC
factorization. We propose a new rapidity regulator as
following. We shift the power of each light-cone energy
denominator from 1 to 1 + η, and then multiply it by
a dimensional factor to compensate the mass dimension.
Taking the amplitude of the diagram Fig 1(e) as an ex-
ample, its light-cone energy denominator is modified as
1
(k−h + k
−
g − k′−p )
→ (Xfp
−
A)
η
(k−h + k
−
g − k′−p )1+η
, (3)
where k−h =
k2h⊥
2ξk+p
, k−g =
k2g⊥
2(1−ξ)k+p and k
′−
p =
(kh⊥+kg⊥)2
2k+p
with ξ = k+h /k
+
p . As we are interested in rapidity di-
vergences coming from the region ξ → 1, we expand the
small regulator η according to (1 − ξ)−1+η = δ(1−ξ)η +
1
(1−ξ)+ + O(η), then the right-hand side of Eq. (3) be-
comes
1− ξ
k−h + k
−
g − k′−p
[
δ(1− ξ)
η
(
2Xf
τ
z s
k2g⊥
)η
+
1
(1− ξ)+
]
.
(4)
As the 1−ξ factor before the brackets will eventually can-
cel with other factors, the rapidity divergence appearing
as 1/η is nonvanishing.
In the calculation of differential cross sections, we per-
form a minimal subtraction for rapidity divergence 1/η,
and the subtracted rapidity divergences will be even-
tually absorbed by high order expansion of multipole
correlators. In this way, renormalization schemes for
multipole correlators are uniquely defined. After this
procedure, the effect of the modification of energy de-
nominator in Eq. (3) is similar to introduce a cut-off
k−g + k
−
h − k
′−
p < Xfp
−
A, which becomes k
−
g /p
−
A < Xf
in the rapidity divergent region ξ → 1. Similar effect
can also be found for all other real emission diagrams, as
well as loop diagrams. Therefore, with our rapidity reg-
ularization, dynamic gluons are constrained to have ‘−’
momentum fraction smaller than the factorization scale
Xf ; while all other gluons, which have longer light-cone
lifetime, are considered as static color sources in each
collision event. This picture agrees exactly with the re-
quirement of CGC effective theory. Therefore, the mod-
ification of light-cone energy denominators like Eq. (3)
provides a correct rapidity regularization for both real
emission diagrams and loop diagrams in CGC factoriza-
tion. Furthermore, like dimensional regularization, this
rapidity regularization can be easily implemented in an
automatic computer program. Most importantly, the
regularized results are unambiguously defined, which are
independent of momentum shift in loop or phase space
integration.
3With dimensional regularization and rapidity regular- ization proposed above, we get the NLO differential cross
section of the quark to quark channel,
dσq→q
d2ph⊥dyh
=
∫ 1
τ
dz
z2
Dh/q(z)
{
xpf(xp)
[
FF (kh⊥;Xf )− αsNc
pi2
ln
(
X¯
Xf
)
IBK(kh⊥, Xf )− αsNc
pi2
JBK(kh⊥, Xf )
]
+
αs
2pi2
Nc
2
{∫ 1
τ
z
dξ
xp
ξ
f(
xp
ξ
)
2(1 + ξ2)
(1− ξ)+ IrBK(kh⊥, Xf , ξ) +
∫ 1
0
dξxpf(xp)
2(1 + ξ2)
(1− ξ)+ IvBK(kh⊥, Xf , ξ)
+
∫ 1
τ
z
dξ
xp
ξ
f(
xp
ξ
)pi
1 + ξ2
(1− ξ)+
[
FF (kh⊥;Xf ) ln k
2
h⊥
µ2
+
1
ξ2
FF (kh⊥
ξ
;Xf ) ln
k2h⊥
ξ2µ2
]
−
∫ 1
0
dξxpf(xp)pi
2(1 + ξ2)
(1− ξ)+ FF (kh⊥;Xf ) ln
k2h⊥
µ2
+ pi
∫ 1
τ
z
dξ
xp
ξ
f(
xp
ξ
)(1− ξ)
[
FF (kh⊥;Xf ) + 1
ξ2
FF (kh⊥
ξ
;Xf )
]
− pi
∫ 1
0
dξxpf(xp)2(1− ξ)FF (kh⊥;Xf )
}}
,
(5)
where X¯ = k2h⊥/(
τ
z s), IBK(k⊥, Xf ) = IrBK(k⊥, Xf , 1) + IvBK(k⊥, Xf , 1) with
IvBK(k⊥, Xf , ξ) = −pi
∫
d2l⊥FF (k⊥;Xf )FF (l⊥;Xf ) ln
[
(l⊥ − ξk⊥)2
k2⊥
]
, (6)
IrBK(k⊥, Xf , ξ) =
1
2
∫
d2k1⊥
[
FF (k1⊥;Xf ) 1
(ξk1⊥ − k⊥)2 −
1
ξ4
FF (k⊥
ξ
;Xf )
k2⊥
2k21⊥(k1⊥ − k⊥ξ )2
]
+
1
2
∫
d2k1⊥
[
FF (k1⊥;Xf ) 1
(k1⊥ − k⊥)2 −FF (k⊥;Xf )
k2⊥
2k21⊥(k1⊥ − k⊥)2
]
−
∫
d2k1⊥d2l⊥FF (k1⊥;Xf )FF (l⊥;Xf ) (ξk1⊥ − k⊥) · (l⊥ − k⊥)
(ξk1⊥ − k⊥)2(l⊥ − k⊥)2 ,
(7)
and JBK(k⊥, Xf ) is defined as
JBK(k⊥, Xf ) =
∫
d2kg⊥ ln
(
k2g⊥
k2⊥
)[
FF (kg⊥ + k⊥;Xf ) 1
k2g⊥
−FF (k⊥;Xf ) 1
k2g⊥
−
∫
d2l⊥FF (l⊥ + k⊥;Xf )FF (kg⊥ + k⊥;Xf )kg⊥ · l⊥
k2g⊥l
2
⊥
+ FF (k⊥;Xf )FF (l⊥ + k⊥;Xf )kg⊥ · (kg⊥ − l⊥)
k2g⊥(kg⊥ − l⊥)2
]
.
(8)
The last line in Eq. (5) is missing in all previous works.
Thanks to a rigorous treatment of dimensional regular-
ization together with MS subtraction, we find these ad-
ditional terms.
The terms proportional to IBK or JBK, which are di-
rect results of our rapidity regularization, are missing in
original works [33, 34]. Later on, the JBK term is intro-
duced in Refs.[38, 40] by imposing so called “kinematic
constraint”. In our understanding, a good factorization
framework should be fully determined by regularization
and subtraction schemes. The introduction of additional
kinematic constraint is inconsistent with the above fac-
torization philosophy. Practically, our method automat-
ically introduces an approximate constraint k−g < Xfp
−
A,
while the constraints introduced in Ref.[38] and Ref.[40]
are effectively k−g < p
−
A and k
−
g < X0p
−
A with a fixed X0,
respectively. Due to the difference, we have an additional
term IBK, which, as we will see, enables the Xf depen-
dence in our method to be canceled out order by order
in perturbation theory.
Based on the BK evolution equation Eq. (2), Xf de-
pendence of FF (kh⊥;Xf ) in the first line of Eq. (5)
cancels with the Xf dependence of the logarithm term
ln(X¯/Xf ) in the same line, and all other Xf dependences
are suppressed by O(α2s). Therefore, in the NLO result,
Xf dependence is suppressed by one more αs and thus
can be safely ignored. Similar behavior is also true for
higher order in αs calculation. That is, by calculating to
4pp
kh
pA
ph
kp
(a)
kp kh
pA
q
(b)
kp kh
pA q
(c)
kp kh
pA
q
l
(d)
kp kh
pA
kg
k′p
(e)
kp kh
pA
kgl
(f)
FIG. 1. Feynman diagrams at the LO and the NLO for
q+A→ q+X process. (a) is the LO Feynman diagram, (b)-
(d) are diagrams for the virtual correction, and (e) and (f) are
diagrams for the real correction. The black dots denote the
interactions between a parton and the CGC effective field.
higher and higher order in αs, the factorization scale Xf
dependence becomes weaker and weaker. This is in fact
the reason why high order calculation is useful in CGC
factorization.
Although Xf dependence is suppressed by αs, its
choice is not unrestricted. The key for choosing Xf is
to avoid large logarithms at high order in αs so that one
has a better convergence of perturbative expansion for
impact factor. For example, in the first line of Eq. 5, one
of the NLO contribution αs ln(X¯/Xf ) can be significant
if the difference between X¯ and Xf is large. To avoid this
kind of large logarithms, Xf in the first line can be cho-
sen as Xf = κX¯ with κ being an O(1) quantity. Based
on the same logic, we choose Xf ’s from the second to the
fifth lines of Eq. (5) to Min{ κX¯1−ξ , Xmax} to reduce higher
order corrections, where Xmax is introduced to avoid Xf
to be too large as ξ → 1. As the Xmax dependence is
at higher order in αs and very tiny, which is shown in
Appendix A, we choose Xmax = 0.01 in the following.
In this way, the freedom to choose factorization scale Xf
becomes the freedom to choose the O(1) quantity κ. By
varying factorization scale via κ, we can estimate theoret-
ical uncertainties of the missing higher order corrections.
Note that theoretical uncertainty is hard to estimate for
Refs.[38, 40] because their factorization scales are fixed.
NLO y=1.65
LO y=1.65
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FIG. 2. Comparison of the differential cross sections between
the ATLAS data [60] and our theoretical calculation with√
s = 5.02 TeV, yh = 1.65 and κ = 1.
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σ(
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)
FIG. 3. Predicted distributions of dσ(κ)/dσ(1) with κ varying
from 0.5 to 2 for
√
s = 5.02 TeV and yh = 1.65.
IV. NUMERICAL RESULTS
For numerical calculation, we use MSTW [53] for pro-
ton PDF and DSS [54, 55] for pi− fragmentation func-
tions, with collinear factorization scale chosen as µ =
kh⊥. Dipole amplitudes FF (k⊥;Xf ) are obtained by
solving the leading log BK equation with running cou-
pling correction(i.e. the rcBK equation)[56–58] with the
same parameters chosen in Ref.[59]. To make the nu-
merical calculation reliable, we also need to modify the
integrand by using the normalization condition of dipole
amplitudes, detailed discussion on which is given in Ap-
pendix A.
We take pi− meson production at LHC with
√
s =
5020 GeV and yh = 1.65 as an example to show the NLO
effect, which kinematic condition has also been studied
in Ref.[38]. As discussed in Ref.[38], to compare with
the forward ATLAS data [60], the pi− differential cross
section needs to be multiplied by a pre-factor, which we
choose the same as that in Ref.[38]. The comparison be-
tween our result with κ = 1 and the forward ATLAS
5data [60] is shown in Fig. 2. It can be found that, NLO
results are larger than LO. It is worth emphasizing that
our results remain positive even when ph⊥ is as large
as 19 GeV. While in Ref.[38], by introducing kinematic
constraint they can only increase positive region from
ph⊥ = 2.5− 3 GeV to 6 GeV. This implies that a physi-
cal choice of Xf , which reduces higher order contribution,
are also crucial to solve the “negativity” problem.
However, from the comparison with data in Fig. 2,
there is an illusion that the LO result is better than the
NLO result. This can be understood because the initial
condition of the dipole used here is obtained by fitting
DIS data using LO calculation. It suggests that a global
fit to determine the initial condition using complete NLO
calculation is very crucial. Since formidable works are
needed for this purpose, we will leave it for future study.
To estimate theoretical uncertainty introduced by
CGC factorization, we vary κ from 0.5 to 2. The ra-
tio dσ(κ)/dσ(1) is shown in Fig. 3, where dσ(1) stands
for d2σ/dp2h⊥dyh with yh = 1.65 and κ = 1. We find that
the typical uncertainty at LO is 30%-50%, while that at
NLO is less than 10%-20%. It tells us that NLO result in-
deed has much better control of theoretical uncertainties,
and thus should be much more reliable.
V. SUMMARY AND OUTLOOK
In this paper, we propose a systematic method to reg-
ularize rapidity divergences in CGC factorization, which
makes higher order calculation rigorous and straight for-
ward. Due to the existence of a free factorization scale,
our method can systematically estimate theoretical un-
certainties caused by the missing of higher order contri-
butions, like any standard factorization theory. As an ex-
ample, we apply this method to single hadron production
in pA collision. We find that the kinematics constrained
term introduced by hand [38, 40] appears automatically
in our framework, but with different values. It is very cru-
cial for the difference to enable our NLO result to have
a much smaller theoretical uncertainty comparing with
LO result. By choosing a physical factorization scale in
the usual sense, our result also overcomes the negativity
problem.
We also find that a complete NLO fit of the initial
condition of dipole amplitude is badly needed. As the
method proposed in this paper can not only be used for
any process but also be easily applied at the next-to-next-
to-leading order and beyond, it may push the precision
calculation in this field to a new stage.
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Appendix A: Removing of p−2h⊥ terms
For differential cross section dσ/dp2h⊥, the normaliza-
tion condition ∫
d2k⊥FF (k⊥;Xf ) = 1 (A1)
guarantees the cancellation of p−2h⊥ behavior and leaving
the leading behavior at high ph⊥ region as p−4h⊥. How-
ever in numerical calculation, the normalization condi-
tion cannot be exactly satisfied. Although the normaliza-
tion condition is usually violated by a very small amount,
it can introduce significant theoretical error at high ph⊥
region. To cure this problem, we subtract out and throw
away p−2h⊥ behavior when doing numerical calculation
1.
Let us first explain the existence of the O(p−2h⊥) er-
ror caused by the violation of normalization condition.
For this purpose, we only need to demonstrate the ex-
istence of O(k−2h⊥) error at partonic level. Supposing∫
d2k⊥FF (k⊥;Xf ) = 1 − n(Xf ) with nonzero n(Xf )
caused by numerical error or improper modeling, for
sufficient large k⊥, it is straight forward to show that
IrBK(k⊥, Xf , ξ) can be expanded as
n(Xf )
k2⊥
+O
(
Q2s(Xf )
k4⊥
)
, (A2)
where we have used the fact that FF (k⊥;Xf ) is picked
around k2⊥ = Q
2
s(Xf ). We can see that the effects of
the violation will become significant if n(Xf ) ∼ Q
2
s(Xf )
k2⊥
,
which can actually happen. For example, when
√
s =
5020 GeV, yh = 1.65 and ph⊥ = 15 GeV, Q2s/k
2
h⊥ =
(z2Q2s)/p
2
h⊥ can be as small as 10
−4 in some regions of
z; at the same time, for some values of Xf , like 0.015,
n(Xf ) can reach 0.0778. Then we have n(Xf ) Q
2
s(Xf )
k2⊥
.
Although this condition is true only in a small region, the
net effect may still be significant.
To deal with the above problem, we need a better form
of IrBK(k⊥, Xf , ξ) in numerical implementation. One of
the possible choices is
1 We thank Bo-Wen Xiao for informing us that the same trick has
been used in Ref. [38].
6IQrBK(k⊥, Xf , ξ,Q) =
1
2
∫
d2k1⊥[FF (k1⊥;Xf ) 1
(ξk1⊥ − k⊥)2 −FF (k1⊥;Xf )
1
k2⊥ +Q2
− 1
ξ4
FF (k⊥
ξ
;Xf )
k2⊥
2k21⊥(k1⊥ − k⊥ξ )2
]
+
1
2
∫
d2k1⊥[FF (k1⊥;Xf ) 1
(k1⊥ − k⊥)2 −FF (k1⊥;Xf )
1
k2⊥ +Q2
−FF (k⊥;Xf ) k
2
⊥
2k21⊥(k1⊥ − k⊥)2
]
−
∫
d2k1⊥d2l⊥FF (k1⊥;Xf )FF (l⊥;Xf )[ (ξk1⊥ − k⊥) · (l⊥ − k⊥)
(ξk1⊥ − k⊥)2(l⊥ − k⊥)2 −
1
k2⊥ +Q2
],
(A3)
TABLE I. The dependence of σ1(Xmax, Q)/σ1(0.01, 2) on Q
and Xmax
Q (GeV)
Xmax 0.01 0.02 0.1 1
2 1 0.9991 0.9914 0.9851
3 1.005 1.024 1.030 1.009
4 1.003 1.057 1.081 1.065
where Q is an O(Qs) value. I
Q
rBK contains no O(k
−2
⊥ )
violation terms and is equivalence to IrBK if the normal-
ization is not violated.
Since the normalization violation does exist in numer-
ical calculation, it is necessary to study the dependence
on the additional parameter Q. We use σ1(Xmax, Q)
to denote the result of the term proportional to IQrBK
with
√
s = 5020 GeV, yh = 1.65, ph⊥ = 15 GeV and
κ = 1. σ1(Xmax, Q)/σ1(0.01, 2) under different Xmax and
Q choices are shown in Table. I. It shows that the depen-
dence on Xmax and Q is very small when Q ∼ Qs. We
thus choose Q = 2 GeV and Xmax = 0.01 in the numeri-
cal calculation.
Appendix B: Perturbative calculation of other channels
In this appendix, we list our impact factors of g → g, q → g and g → q channels up to O(αs) precision, where the
former parton comes from the proton and the later one is the fragmenting parton.
1. Result of g → g channel
The NLO result of the g → g channel is
dσg→g
d2ph⊥dyh
=
∫ 1
τ
dz
z2
Dh/g(z){xpG(xp)[FA(kh⊥;Xf )− 2αsNc
pi2
ln
(
X¯
Xf
)
IggBK(kh⊥, Xf )− 2αsNc
pi2
JggBK(kh⊥, Xf )]
+
αsNc
pi2
{
∫ 1
τ
z
dξ
xp
ξ
G(
xp
ξ
)2[
ξ
(1− ξ)+ +
1− ξ
ξ
+ ξ(1− ξ)][IrggBK(kh⊥, Xf , ξ)]
+ 2pi
∫ 1
0
dξxpG(xp)[
ξ
(1− ξ)+ +
1
2
ξ(1− ξ)]IvggBK(kh⊥, Xf , ξ)
+
∫ 1
τ
z
dξ
xp
ξ
G(
xp
ξ
)pi[
ξ
(1− ξ)+ +
1− ξ
ξ
+ ξ(1− ξ)][FA(kh⊥;Xf ) ln k
2
h⊥
µ2
+
1
ξ2
FA(kh⊥
ξ
;Xf ) ln
k2h⊥
ξ2µ2
]
− 2pi
∫ 1
0
dξxpG(xp){[ ξ
(1− ξ)+ +
1
2
ξ(1− ξ)] + NfTR
2Nc
[ξ2 + (1− ξ)2]}FA(kh⊥;Xf ) ln k
2
h⊥
µ2
}
− αs
pi
NfTR
∫ 1
0
dξxpG(xp){[ξ2 + (1− ξ)2]
∫
d2l⊥FF (kh⊥ − l⊥;Xf )FF (l⊥;Xf ) ln[ (l⊥ − ξkh⊥)
2
k2h⊥
]
+ 2(ξ − ξ2)FA(kh⊥;Xf )}},
(B1)
7where FA(k⊥;Xf ) denotes the dipole amplitude in adjoint representation, which can be related to dipole amplitude
in fundamental representation by
FA(k⊥;Xf ) =
∫
dD−2k1⊥FF (k⊥;Xf )FF (k⊥ − k1⊥;Xf ). (B2)
In Eq. (B1) we define
IggBK(k⊥, Xf ) = IrggBK(k⊥, Xf , 1) + IvggBK(k⊥, Xf , 1), (B3)
with
IrggBK(k⊥, Xf , ξ) =
1
2
∫
d2k1⊥[FA(k1⊥;Xf ) 1
(ξk1⊥ − k⊥)2 −
1
ξ4
FA(k⊥
ξ
;Xf )
k2⊥
2k21⊥(k1⊥ − k⊥ξ )2
]
+
1
2
∫
d2k1⊥[FA(k1⊥;Xf ) 1
(k1⊥ − k⊥)2 −FA(k⊥;Xf )
k2⊥
2k21⊥(k1⊥ − k⊥)2
]
−
∫
d2k1⊥d2l⊥d2l1⊥FF (l1⊥;Xf )FF (k1⊥ + l1⊥;Xf )FF (l⊥ + l1⊥;X) (ξk1⊥ − k⊥) · (l⊥ − k⊥)
(ξk1⊥ − k⊥)2(l⊥ − k⊥)2 ],
(B4)
IvggBK(k⊥, Xf , ξ) = −
∫
d2l⊥d2l1⊥FF (k⊥ + l1⊥;Xf )FF (l⊥ + l1⊥;Xf )FF (l1⊥;Xf ) ln[ (l⊥ − ξk⊥)
2
k2⊥
], (B5)
and
JggBK(k⊥, Xf ) =
∫
d2kg⊥
∫
d2l1⊥FF (l1⊥;Xf ){[FF (kg⊥ + k⊥ + l1⊥;Xf )−FF (k⊥ + l1⊥;Xf )] 1
k2g⊥
ln
(
k2g⊥
k2⊥
)
−
∫
d2l⊥FF (l⊥ + k⊥ + l1⊥;Xf )FF (kg⊥ + k⊥ + l1⊥;Xf )kg⊥ · l⊥
k2g⊥l
2
⊥
ln
(
k2g⊥
k2⊥
)
+
∫
d2l⊥FF (k⊥ + l1⊥;Xf )FF (l⊥ + k⊥ + l1⊥;Xf )kg⊥ · (kg⊥ − l⊥)
k2g⊥(kg⊥ − l⊥)2
ln
(
k2g⊥
k2⊥
)
}.
(B6)
2. Result of q → g channel
The q → g channel gives
dσq→g
d2ph⊥dyh
=
αsNc
4pi2
∫ 1
τ
dz
z2
Dh/g(z)
∫ 1
τ
z
dξ
xp
ξ
f(
xp
ξ
){Pgq(ξ)[piFA(kh⊥;Xf ) ln k
2
h⊥
µ2
+
pi
ξ2
FF (kh⊥
ξ
;Xf ) ln
k2h⊥
ξ2µ2
]
+ Pgq(ξ)
∫
d2k1⊥[FA(k1⊥;Xf ) 1
(k1⊥ − kh⊥)2 −FA(kh⊥;Xf )
k2h⊥
2k21⊥(k1⊥ − kh⊥)2
]
+ Pgq(ξ)
∫
d2k1⊥[FF (k1⊥;Xf ) 1
(ξk1⊥ − kh⊥)2 −
1
ξ4
FF (kh⊥
ξ
;Xf )
k2h⊥
2k21⊥(k1⊥ − kh⊥ξ )2
]
− 2Pgq(ξ)
∫
d2k1⊥d2l⊥FF (k1⊥;Xf )FF (k1⊥ − l⊥;Xf ) (ξk1⊥ − kh⊥) · (l⊥ − kh⊥)
(ξk1⊥ − kh⊥)2(l⊥ − kh⊥)2
+ piξ[FA(kh⊥;Xf ) + 1
ξ2
FF (kh⊥
ξ
;Xf )]},
(B7)
where Pgq(ξ) = 1ξ [1 + (1− ξ)2].
83. Result of g → q channel
The g → q channel gives
dσg→q
d2ph⊥dyh
=
αsTR
2pi2
∫ 1
τ
dz
z2
Dh/q(z)
∫ 1
τ
z
dξ
xp
ξ
G(
xp
ξ
){Pqg(ξ)[piFF (kh⊥;Xf ) ln k
2
h⊥
µ2
+
pi
ξ2
FA(kh⊥
ξ
;Xf ) ln
k2h⊥
ξ2µ2
]
+ Pqg(ξ)
∫
d2k1⊥[FF (k1⊥;Xf ) 1
(k1⊥ − kh⊥)2 −FF (kh⊥;Xf )
k2h⊥
2k21⊥(k1⊥ − kh⊥)2
]
+ Pqg(ξ)
∫
d2k1⊥[FA(k1⊥;Xf ) 1
(ξk1⊥ − kh⊥)2 −
1
ξ4
FA(kh⊥
ξ
;Xf )
k2h⊥
2k21⊥(k1⊥ − kh⊥ξ )2
]
− 2Pqg(ξ)
∫
d2k1⊥d2l⊥FF (l⊥;Xf )FF (k1⊥ − l⊥;Xf ) (ξk1⊥ − kh⊥) · (l⊥ − kh⊥)
(ξk1⊥ − kh⊥)2(l⊥ − kh⊥)2
− pi(2ξ2 − 2ξ)[FF (kh⊥;Xf ) + 1
ξ2
FA(kh⊥
ξ
;Xf )]},
(B8)
where Pqg(ξ) = [ξ2 + (1− ξ)2].
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